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The main purpose of this paper is to exhibit N-tuples of commuting operators
(N \ 2) in the class A (N) (i.e., with an isometric wf-continuous H.(DN) calculus)
without the approximate factorization property. © 2002 Elsevier Science (USA)
1. INTRODUCTION
Let T denote the unit circle in the complex plane, B the Borel s-algebra
on TN, and mN the normalized Lebesgue measure.
For a given normalized Borel measure m on TN, we denote by P.(m) the
wf-closed sub-algebra of L.(TN, m) generated by the polynomials,
equipped with the norm ||f||.=ess supz ¥ TN |f(z)|.
As usual H.(DN) will denote the Banach algebra of all bounded analytic
functions on DN and will be identified in the usual way with H.(TN)=
P.(mN).
The space P.(m) is isometrically isomorphic to the norm dual of the
predual Banach space Qm=L1(TN, m)/ +P.(m), where
+P.(m)=3a ¥ L1(TN, m); F
T
N
audm=0 -u ¥ P.(m)4 .
In general, for any a ¥ L1(TN, m) we will denote by [a]m the image of a in
the quotient space Qm.
For a given Hilbert space D and a measure m on TN, we denote
by L2(TN, m, D) the Hilbert space of all measurable square integrable
functions f: TN0D with the scalar product
Of | gP=F
T
N
Of(z) | g(z)PD dmN(z).
For f, g ¥ L2(TN, m, D), the function f·g is defined by setting f·g(z)=
Of(z) | g(z)PD for almost every z ¥ TN.
We denote by U=(U1, ..., UN) the N-tuple of multiplications by the
independent variables on L2(TN, m, D): Uif(z1, ..., zN)=zif(z1, ..., zN).
For any multi-index k=(k1, ..., kN) ¥NN we will write Uk=Uk11 · · · UkNN .
From now on H will be a semi-invariant space for U. We denote by
T=(T1, ..., TN) the compression of U to H, which means, by definition:
Tkf=PHUkf, for k ¥NN and f ¥ L2(TN, m, D) (such a T is a model for
N-tuples possessing a unitary dilation).
We recall that the algebra of all bounded operators L(H) can be
realized as the norm-dual of the Banach space of all trace-class operators
C1(H). The dual algebra generated by T (i.e., the smallest wf-closed
algebra containing all the Tis) will be denoted by AT and can be identified
with the dual of QT=C1(H)/ +AT, where +AT={C ¥ C1(H); tr(AC)=
0 -A ¥AT}.
We recall some properties for the contraction T. For any given x, y ¥H,
we denote by xiy the element of QT defined by OA | xiyP=(Ax | y)
-A ¥AT. Given two cardinal numbers 1 [ m, n [ t0, we say that T has
property (Am, n) (or (An) for short if m=n) if for any collection
{Lp, q ; 1 [ p < m,1 [ q < n} of elements in QT there exist sequences (xk)k
and (yk)k inH such that
Lp, q=xpiyq 1 [ p < m and 1 [ q < n.
Finally, we say that T is in the class A (N) (or equivalently that the algebra
AT is of type A) if there exists an isometric wf-continuous morphism
F: H.(DN)0AT , which extends the polynomial calculus.
Now returning to functional properties, we say that a subspace
H … L2(TN, m, D) has the approximate factorization property if for every
function a ¥ L1(TN, m) and every E > 0, there exist vectors x, y in H such
that
||a−x·y||1 < E.
In the case when N=1, Bercovici proved the following result:
Theorem 1.1 ([1] Theorem 10). Assume that T is in the classA(=A (1)),
then for every given f ¥ L1(T, m1), every E > 0, and every collection
z1, ..., zp ¥ L2(T, m1, D), there exist x and y inH such that
(1) ||x||, ||y|| [ ||f||1/2
(2) Ox | zjP=Oy | zjP=0 j=1, ..., p
(3) ||f−x ·y||1 < E.
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In particular, the spaceH has the approximate factorization property.
Property (A1), which is the weakest of the above considered properties,
is known to have relations to invariant subspaces and dilation theory.
Again in the case when N=1, Bercovici and Chevreau independently
proved the following stimulating result:
Theorem 1.2 [1, 3]. Let us assume that T ¥L(H) is in the class
A(=A (1)). Then the contraction T has property (A1).
In the proof of this result, Theorem 1.1 appeared to be a crucial tool.
In this paper we construct a subspaceH that is reducing for the N-tuple
of unitary operators U, such that U|H is in the class A (N), N \ 2, and such
thatH does not have the approximate factorization property.
This is based on the study of the possible values of the moduli of the
elements in P.(m) and on the existence of related Borel sets in TN.
2. ALGEBRAS OF TYPE A THAT DO NOT HAVE THE
APPROXIMATE FACTORIZATION PROPERTY
We first recall a few definitions relative to subsets of TN and we give a
simple construction of some sets that will be useful later on.
We recall that a set C … TN is said to be circular if for any z ¥ T and any
c ¥ C we have zc ¥ C. The existence of circular subsets of TN with empty
interior and positive measure is well known, but for the sake of complete-
ness, we give an easy construction of such a set. We start with N=2 but it
immediately extends to any larger N \ 2.
We first consider a Cantor-type set s … T, such that s is a compact set of
empty interior with m1(s) > 0. Then we consider the set S={(zz, z) /
z ¥ s, z ¥ T}. To show that S possesses the desired properties, we consider
the application h defined on T2 by h(w1, w2)=(w1w2, w2). Since h is con-
tinuous, the set S=h(s×T) is compact of empty interior. This set is
circular by construction and we can compute
m2(S)=F
T
1F
T
qS(w1, w2) dm1(w1)2 dm1(w2)=m1(s) > 0.
We now turn to the study of properties shared by H.(TN) functions.
For w ¥ TN and u ¥H.(DN), we denote by uw the element of H.(D)
defined by uw(l)=u(lw), for l ¥D.
The subset of TN where the radial limits of u exist will be denoted by
RL(u) and we have mN(RL(u))=1. Now for a fixed point w in TN, and
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z ¥RL(uw) ı T, limrQ 1 uw(rz) exists and then at any point wz ¥ TN, z ¥
RL(uw), the radial limit for u exists.
For w ¥ TN, z ¥RL(uw) we have (uw)g (z)=ug (zw).
We now recall a well-known property of the moduli of the elements in
H.(TN); we give the proof for the sake of completeness (see [5]):
Lemma 2.1. Given u ¥H.(DN) w ¥ TN, we consider the following
function defined everywhere on TN:
Gu: TN0 [0;+.[
w0 ess sup
z ¥ T
|ug(zw)|.
Then Gu is lower semi-continuous on TN.
Proof. For w ¥ TN, thanks to the maximum modulus theorem we have
Gu(w)=sup0 < r < 1 supz ¥ T |u(rzw)|. Now the function wQ |u(rzw)| is con-
tinuous for all r and z, which leads to the conclusion. L
We now recall a lemma that is useful to work with the ‘‘slice functions’’
introduced earlier, and with circular sets (see [5], p. 45, L.3.3.2).
Lemma 2.2. If k ¥ L1(TN) then we have
F
T
N
dmN(w) F
T
k(lw) dm1(l)=F
T
N
k(w) dmN(w).
Proof. This is a straightforward consequence of the translation-
invariance of mN together with Fubini’s theorem: the left-hand-side integral
does not depend on l, and we integrate it over T. L
For a given w ¥ TN and a given subset E … TN, we write E(w) :=
{l ¥ T/lw ¥ E}. We are now ready to explore a bit further the properties
of the boundary values of functions in H.(TN). The following proposition
will be an essential tool in the sequel. We begin with a usefull observation:
Lemma 2.3. Let F be a given subset in TN. Then we have
mN(F)=0. m1(F(z))=0 for almost every z in TN.
Proof. We use Lemma 2.2 with k=qF, which gives
mN(F)=F
T
N
dmN(w) F
T
qF(lw) dm1(l)=F
T
N
m1(F(w)) dmN(w).
The result follows imediately from this line. L
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Proposition 2.1. Let U … TN (N \ 2) be a dense open circular subset
of TN withmN(U) < 1. We consider u ¥H.(DN), with ||u||.=1 and E ¥ (0, 1).
Then we have
mN({z ¥U/ |ug(z)| > 1− E}) ] 0,
where the intersection is to be understood up to a mN-null set.
Proof. Let us note that F=TN0U, which is a circular closed set of
empty interior, such that mN(F) ] 0.
We will also set AE={z ¥ TN/ |ug(z)| < 1− E}.
Let us suppose on the contrary that mN(AE 5U)=0; then there exists a
set E …U such that mN(E)=0 and AE …F 2 E.
Thanks to Lemma 2.1, we know that the set O={w ¥ TN/ess supz ¥ T
|ug(zw)| > 1− E} is an open set, and OŒ=O 5U is open too.
Now -w ¥ OŒ we have m1(E(w)) > 0, which together with the fact that
mN(E)=0 and Lemma 2.3 gives OŒ=”. This in turn gives O …F, which
is of empty interior, and then O=”.
Now thanks to Lemma 2.3, we know that mN(AE) > 0 implies that
m1(AE(z)) > 0 for many z ¥ TN, which is incompatible with O=”. L
In order to emphasize the main difference that arises when going from
N=1 to the higher dimensional case, we recall a fundamental tool
developped by Bercovici, which makes the junction between localization
and factorization properties:
Theorem 2.1 (see [2]). Let H … L2(TN, m, D) be a closed subset.
Assume that for every set of positive measure s … TN, every E > 0 and every
finite set of vectors z1, ..., zp ¥ L2(TN, m, D), there exists a vector z ¥H,
z ] 0 such that:
(1) z is essentially bounded,
(2) ||qTN0sz || < E ||qsz||,
(3) Oz, zkP=0, k=1, ..., p.
Then H has the approximate factorization property. More precisely, given
f ¥ L1(TN, m) and E > 0, there exist vectors x, y ¥H such that:
(i) ||f−x ·y||1 < E
(ii) ||x|| · ||y|| < ||f||1 ,
We are now ready for the construction of the example of an N-tuple.
Let U … T2 be a dense open circular set of T2 with m2(U) < 1. We con-
sider the action of the elements of H.(T2) over the space H=L2(U, m2).
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The following example is an illustration of the essential difference that
appears in the study of algebras generated by several commuting contrac-
tions.
Theorem 2.2. Let U … T2 be a dense open circular set of T2 with
m2(U) < 1. Let U=(U1, U2) be the pair of multiplications by the independent
variables acting on L2(T2, m2), and let T=(T1, T2) be the compression of U
to (the reducing space)H=L2(T2, qUm2).
Then the pair T=(T1, T2) is in the class A (2) but the space H does not
possess the approximate factorization property.
Proof. The calculus F: H.(D2)QAU is defined by F(h) f=hf and is
obviously a wf-continuous contractive morphism extending the polynomial
calculus. We now prove that F is an isometry.
Let us consider u ¥H.(D2), with ||u||.=1 and E ¥ (0, 1). We note W=
{z ¥U/ |ug(z)| > 1− E}. Thanks to Proposition 2.1, we know thatm2(W) >0.
So, we can find f ¥ L2(T2, qUm2) such that f ] 0 and ||uf||2 > 1− e. For
example, take
f=
qW
m2(W)1/2
.
Now it is easy to see that the function 1 cannot be written f·g with f, g ¥
L2(T2, qUm2), and ||1−f ·g|| \ ||qTN0U(1−f ·g)||=mN(TN0U) > 0. Hence
the spaceH does not have the approximate factorization property. L
Remark. In fact, it is possible to identify the predual of such algebras,
and to show that the pair T has property (A1, t0 ), although H does not
have the approximate factorization property.
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